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Continuing the investigations begin in Ref. [l], we work out similar 
asymptotic formulas for sine and cosine series of coefficients, which approach 
n-%(n) as n + co, where 01 is a positive integer (even for sine series and odd 
for cosine series). The numbering of results is continuous with that of Ref. [l], 
the contents of which will be taken as known. It is not exciting that there 
will be some different terms coming into the asymptotic formulas, since 
7r ?? 
or 
2T(a) sin 7 2qc4 cos 7 
has no meaning for the 01’s under the present consideration. On the other 
hand, C n-lL(n) may either diverge or converge as is shown by the simple 
examples C - l/(n log n) and C - l/(n(log EZ)~). This is why, when 01 = 1 
(and afterwards when a’s take certain other integer values), the results will be 
divided into two categories. When C a, = C n-lL(n) < co, the correspond- 
ing cosine series converges uniformly and absolutely. We may estimate the 
asymptotic relation between f(x) -f(O) and Cn,iiz n-lL(n) as x + + 0. 
Otherwise we estimate the asymptotic relation between f(x) and 
c A <l/X n-lL(n) as x + + 0. All the notations have the same meaning as in 
Ref. [I]. Besides these, we designate 
I(x) = sz t-?c(t) dt, 1 
Is(x) = 1 fz-lL(?t) n&x 
and 
R(x) = s, t-%(t) dt, 
R,(x) = c n-‘L(n) 70.X 
and also introduce the following lemma: 
I 
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LEMMA 3. (i) The summation Cz.=;=, nm~lL(n) and the integral JT t-lL(t)dt 
are both convergent or both divergent. 
(ii) I( ) 1 I x 2s s ow y VaYying andL(x) Y. o{I(x)) as x - co. 
(iii) If 1 IZ--II,(n) diverges, therz Is(x) N I(x) as x --f 00. 
(iv) If z nm~lL(n) converges, then K,(x) N R(x), is also slowly varying and 
L(x) = o(R(x)} as x-+cxl. 
(v) Suppose thatL(x) andL,( ) x are arbitrary slowly varying functions such 
thatL(x) EL,(X) as x---f co. If C n-lL(n) diverges, then 
I,(x) = J‘: t-IL,(t) dt =1(x) as x+ co. 
If C n-IL(n) converges, then 
&W = j-1 t-lL,(t) dt E R(x) as x--t co. 
Lemma 3(i)-(iv) is due to Adamovid [3, Theorems 1 and 21. Lemma 3(v) 
can be easily obtained from the inequality 
(1 - E) L(x) <L,(x) < (1 + c)W) for x large. 
Then we prove the following theorems: 
THEOREM 3. Suppose that LY = 2k, k = 1,2,... and a, N n-@L(n) as 
n -+ CO. According as C n-IL(n) diverges or converges, we have, as x --+ +0, 
a- 
2 ’ 2j 
g(x) - z. (2j)!p-l’(0) 9-l c+ (- 1) 3 x-l F@G) (10) 
or 
THEOREM 4. Suppose that a: = 2k+ 1, k = 1, 2,. . . and a, N n-C(n) 
as n + CO. According as C n-IL(n) diverges or converges, we have, as x -+ +0, 
a-3 
21 
f(x) - qz (2j)! 
-f’“i’(O) x2i _N (- 1) 2 pi-1 C&($) (12) 
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OY 
a-1 
21 - %a-1 a.+1 
f(x) - jg (Zj)! 
-f’2q)) x2i N (-1) 2 ___ 
1 
F(a) R n- - ( ) (13) 
THEOREM 5. (i) Suppose that 
f(x) NL (;) --+ co as x-+ +o, 
then a, = 0(&L(n)} us n -+ co, provided that (a,} is monotonically decreasing 
to zero (or quasimonotonically decreasing to zero and of bounded variation 
(see PI>). 
(ii) Suppose that C n-lL(n) < co and 
f(0) -f(x) EL (+) --t 0 as x--t so, 
then 
A, EL(n) as n+ co. 
Suppose in addition that {a,} is monotone (or quasimonotone), then we have 
a, = 0+-L(n)} as n-+ co. 
THEOREM 6. Suppose that (II = 2k, k = 1, 2 ,... . 
(i) If C n-lL(n) diverges, then the asymptotic relation (10) implies that 
A, = o(r.+*l(n)} as n-+ co. (14) 
(ii) IfI n-lL( ) n converges, then the asymptotic relation (11) implies that 
A, = o{r+R(n)> as n+ ~2. (15) 
If, in addition, (a,} is monotone (OY quasimonotone), then we have 
a, = o{n-al(n)} (16) 
and 
a, = o(naR(n)} 
asn-+ co,insteadof (14)and(15). 
(17) 
THEOREM 7. Suppose that a: = 2k+l, k = 1, 2 ,... . 
(i) LfC n-IL(n) diverges, then the asymptotic relation (12) implies (14). 
(ii) If C n-IL(n) converges, then the asymptotic relation (13) implies (15). 
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If in addition (a,J is monotone (or quasimonotone), we have (16) and (17) 
instead of (14) and (15). 
Adamovid has established theorems similar to Theorems 3 and 4 subject 
to some monotonicity conditions of the coefficients (see Ref. [4, Theorem 11). 
We improve the proof and obtain the same two theorems without any condi- 
tions imposed on (a,}. In addition, the converse parts of these theorems are 
established as Theorems 6 and 7. The results do not tell us as much about 
the exact behavior of the coefficients as might have been expected. However, 
an interesting point is revealed by an example constructed afterwards which 
shows that in satisfying the asymptotic relations (10) or (12), the coefficients 
may behave somewhat irregularly. They may approach n-%(n) as n -+ CO, 
but not necessarily. Neither can a, approach n~+L(n) or n-afEL(n), for every 
E > 0, since, in this case, Theorem 1 or 2 leads to a contradiction. Therefore, 
(14)-(17) are in all probability the best possible results that can be obtained. 
Proof of Theorems 3 and 4. Assume that C n-lL(n) diverges and write 
a, = r2L,(n) N w2L(n) 
such that 
k!(x) = f rr2L,(n) sin nx 
714 
= x C n-lL,(n) + 2 n-?-L,(n) (sin nx - nx) + C nw2L,(n) sin nx 
.g n<; 70; 
= S,(x) + S,(x) t S,(x). 
As x -+ +0, we have 
S,(x) = x(1 + o(l)) I [+) (by Lemma 3(iii) and (v)); 
I S,(x)1 d 2x3 c nJw4 76: 
1 
a: 
N 2x3 
i' 
tL,(t) dt 
1 
c o XI + (by Ref. [3, Th 
f i )I 
eorem l-lo] and Lemma 3(ii) and (v)); 
1 =Z 0 XI y ! ( )I (by Ref. [6, (1.7”)] and Lemma 3(ii) and (v)). 
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This proves the relation (10) for 1y = 2. Therefore, since C n-a&(n) conver- 
ges, the termwise integration of the relation 
il n-‘&(n) sin nx N xl (+-) (18) 
can be justified. We integrate (18) from 0 to x and get (12) for 01= 3 (again by 
Ref. [3, Theorem l-lo]), Then integrate (12) for 01 = 3 from 0 to x to get (10) 
for CL = 4. Repeatation of this process, the asymptotic relations (10) and (12) 
for the appropriate 01’s are proved. 
Next we assume that C n-l,!,(n) converges. We have 
x 2 n-lL,(n) - 2 r2L,(n) sin 71x 
n-1 n=1 
= x c n-X,(n) + c 
70; 
n-2Ll(n) (nx - sin 7.2~) - C nw2L,(n) sin nx 
ns; 0; 
= S*(x) + h(x) + &i(x), 
S,(x) = x(1 + o(l)) R (i) as x--t +O; 
and similarly to S,(X) and S&x), 
1 =oxR- I 01 as X x--t 40; 
1 =oxR- I 01 as X x-+ +o. 
This proves the relation (11) f or 01 = 2. By repeated termwise integration 
we prove relations (11) and (13) f or all the appropriate (II’S required. 
It should be mentioned here that the asymptotic relation of sine series for 
01 = 0 and of cosine series for 01 = 0 and OL = 1 have been established by 
AljanEi&BojaniC-TomiC and Zygmund (see Ref. [4, p.129]), with certain 
restrictions of monotonicity on the coefficients. These restrictions may be 
relaxed a little but may not be possibly dispensed with completely. 
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Proof of Theorem 5. Suppose that 
J(x)=Ll(+) forO<x,<rr 
L1(+)*L(-&)-+cc as x-++O. 
Observing that 
1 
x*LL, - + 0 i 1 as X x-+ 10, 
we have 
and also we have the a,‘s as the Fourier coefficients off(x) (see Ref. [9, Vol. I, 
note of Theorem 1 on p.88 and Vol. II, p.3521). Multiplying both sides of 
the identity 
gl kr” cos kx = 
~(1 - Y)~ - ~(1 + r”) 2 sin2 * x 
(1 - 2r cos x + q2 ’ 
O<Y<l, 
by (2/?r)f(x) and integrate termwise over [0, n] (see Ref. [2, p. 31]), we obtain 
= 1 (1 - r)2 s,I(l - r)2 + x~}-~L~ (;) dx 
- ; (1 + ra) /: x2{(1 - r)” + x2}-2 L, (+) dx 
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where 
(by Ref. [2, Lemma 2(i)]) 
= o(1) (1 
1 
- r)-IL, - 
( 1 1-r as 
?-+1-O; 
I I&)/ = 1; + z (1 - V/ j”) (+) dx 
(by Ref. [2, Lemma 2(ii)]) 
= o(1) (1 - r)-l.Cr (&) as r 3 1 - 0. 
On the other hand, we have1 
11(r) = $(l - r)s (-$r + o(1)) (1 -‘)-s-C, (i-“) - rl 
= (+- + o(l)) (1 - r)-lL, (&) as 
13(y) = + ($ r + 4)) (1 - r)-lh (&) 
= (+- + o(l)) (1 - r)-lL1 (&-) as 
Therefore, we come to the conclusion that 
f krkUk = O(l) (1 - r)-‘L ($--) 
k=l 
7 
(1%) 
(19) 
(by Ref. [2, Lemma l(ii)]) 
r-1 -0; 
r-t1 -0. 
as r-+1-0. 
By Ref. [2, Lemma l(iii)], we have2 the final result 
a, = o{rlL(n)} as ?z-+ co. 
This proves Theorem 5(i). We observe that in order to obtain (18) and (19), 
the assumption lim,,,, L(l/x) = co is essential. 
If C n-%(n) is finite andf(0) -f(x) z-L(l/x) + 0 as x + j-0, we prove 
Theorem 5(ii) as follows: 
1 Actually Lemma l(ii) of Ref. [2] is true for -1 < Y < 3. When Y := 2, we obtain 
A,(v) = sOa (1 + t2)-a dt = $T by substituting x = (1 - r)/t. 
2 It is easily to show that Lemma l(iii) of Ref. [2] is also true for quasimonotonically 
decreasing sequences. 
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By the equation 
il (A, - +j ak) sin hx = l Lzz ’ (f(0) -f(x)j 
and observing that 
1 + cos x 
2 sin x = f (1 + 0(x2)} 
as x-+ +o, 
we obtain 
2 (A, --+ak) sin&={1 +o(l)}+L(+-) as x-++O. 
k=l 
Then by a theorem of AljanEid-Bojanid-TomiC (see Ref. [5, Theorem 3]), we 
obtain 
(A, - $ak) -L(n) as n-t co. 
Hence A,, -L(n) as n -+ co (by Ref. [l, Lemma 21). 
If in addition (a,> is monotone (or quasimonotone), then 
This proves Theorem 5(ii). 
Proof of Theorems 6(i) and 7(i). We prove Theorem 6(i) for 01 = 2 first. 
Assume that C &L(n) diverges and 
g(x) = x1,(1/x) N x1(1/x) as x -+ $0. 
Observing that a measurable slowly varying function L(l/x) has necessarily 
to be defined everywhere for x small (x f 0) in order to satisfy its definition. 
We know that u,‘s are Fourier coefficients (see Ref. [9, Vol. II, p.3521) and 
the integrability L(0, r) of &g(x) implies the convergence of C a, [8, Theo- 
rem 4.111. Then by 
1 NI - +co ( 1 as X x--t +a 
we have A, - &an = o{n-ll(n)), and hence A, = 0(+1(n)}. 
ON THE ASYMPTOTIC BEHAVIOR OF TRIGONOMETRIC SERIES II 9 
Next we assume that 
f(x) ---f(O) N - ;I(;) 
Then by 
as x-+ 3-O. 
we have 
$,, @k - ibk) = o{n-ll(n)>* 
Hence 
A = o{n-zI(n)} as n-+ al, 
by Lemma 1. This proves Theorem 7(i) for (Y = 3. 
For general (Y, we shall show that, Theorem 6(i) can be proved, when 
Theorem 7(i) is known for (a - 1) and alternately, Theorem 7(i) can be 
proved when Theorem 6(i) is known for (a - 1). 
Now we assume the asymptotic relation (10) for ar = 2k, K > 1, and that 
Theorem 7(i) is known for 01’ = 01 - 1. We write an equality as follows: 
zl (Ak - $a,) cos kx - ,f (AI, - i&k) 
k=l 
1 + cos x 
= 2 sin x 
)I I 
X2’ 
= f&(x) - H,(x). P-4 
Observe that g(x) can be expressed in a Taylor’s expansion such that 
‘-2 
g(2h-1’ 0) 
dx) = z1 (2/j -I,! x 
2h-l + f-J;/ (x - x1)“, 0 < Xl < x, 
= ;I 12; ““;;! ( ~li$zh-luk) X2h-1 + c(g, a) (x - x$-3, 
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where C(g, a) is a constant depending on g and 01. Hence, as x -+ +0, we 
have 
&i(x) =; - ,fl & x2-1 g(x) 1 i 
+ 0 lx.-21 (;)I 
On the other hand (see Ref. [l, Eq. (6)]), 
= ; g (, A l)! g’2j-l)(O) x+1 
& ( 2r 2j 1) ($ kejnT+%Zk) .%+i) . 
k-l 
Therefore, the right side of (20) gives 
H,(x) - H,(x) = ~ 
I 
; l 
g(~) - ~~~ (2j 1 l)! g’2’-1’(o) x2’-11 + o lx.-2~ (~)I 
f-l x”-2 = (- 1) -----1(-J-) as x-+ +O. q,, 
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This leads to 
f (Ak - ijuk) cos kx - i (A, - &z,) 
k=l k=l 
a’-3 
x + + 0. 
Finally, Theorem 6(i) follows from the assumption that Theorem 7(i) is 
known for LY’ = cy - 1. 
To prove Theorem 7(i) for general (Y, we assume the asymptotic relation (12) 
for 01 = 2k + 1 (K > 1) and also that Theorem 6(i) is known for 
01’ = 01 - 1 = 2K. We write an equality as follows: 
5 (A, - =ijak) sin kx 
k=l 
‘-1 
- 15 (2j i l)! (- l)i-’ / f k2j-l (A” - + @k) 1x2+-l 
k=l 
=- 
l ;s;;xx tf(x) --f(O)> 
f-1 
+ jz &T)! k=l 
/ f &+l (A, - + ak) j $+l 
= - w4 + f43(x). (21) 
Observe that f(x) can be expressed in a Taylor’s expansion such that 
a-5 
f(x) =f(O) + gfg) x2j +fa (x - x1p3, 0 < x1 < x. 
Hence, as x + + 0, we have (see Ref. [I, Eq. (7)]) 
9 (- l)h jr kzha, 
c XZh 
hd (2ij! i 
= ; U(x) -fP>> - + I x2j 
+ 0 lx.-21 (” 
X )1; 
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and 
Then, as x-+ +0, the right hand side of (21) gives: 
N-3 
- H,(x) - H*(x) = - ; Lw -f(O)> + ;-g &$~""(0) x2j 
+ 0 lx.-21 (’
X 11 
a'-2 
N (- 1)2 $‘z ,,I(;) as x--t +O, 
by the assumption (12). Therefore, by Theorem 6(i) for 01’ = 01- 1, we 
obtain 
and hence 
pk = o{d-=‘I(n)) as n--t co, 
A, = o(n’-“l(n)} as n+ co. 
Theorem 7(i) follows. Next, we assume that C n-lL(n) converges and 
g(x) - xg(l)(O) N - 5 R (+) as x - +O. 
By the equation 
cos kx - kfl (Al, - ; ak) = ’ + ‘OS ’ g(x) - g(1)(o) 
2 sin x 
and Theorem 5(ii), we obtain Theorem 6(ii) for 01 = 2. If we use the Eqs. (8) 
and (9) and proceed in just the way we used in proving the necessity in 
Theorems I and 2, Theorems 6(ii) and 7( ii will follow for all appropriate ) 
CY’S without difficulty. 
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Finally, we construct coefficient sequences to show that the results of 
Theorems 6 and 7 are probably the best possible. Construct 
b * = 2-v (2” < n < 2y+1, v = 0, l,... ). 
Then we have, as x + +0, 
ilbn cosnx~I* ; , ( 1 
It1 n-lb, 1 sinnx YxI* - , ( 1 X 
il n-sk+lb,, 
k-1 
sin nx - C (- l)i-l 
j=o 
& il p2+2kbux2i-1 
il n-2kbn 
k-l 
cos nx - C (- 1)i 
j=o 
$ il p2+2kbux2j 
(22) 
(23) 
where 
I* (;) = -!-- s l" t-1 & = -!- log (').log2 1 log2 x 
The relation (22) is originated by Hardy [7, p. 4461. The others can be 
obtained by repeated termwise integration of (22) from 0 to x, since we have 
bn’s in (22) as Fourier coefficients. We observe that (23) and (24) are the 
asymptotic relations (10) and (12), but nma, = r& does not approach any 
slowly varying function, or any limit, as n + co. 
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